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Abstract 
Wolf, A.R., Inherited asphericity. links and identities among relations. Journal of Pure and 
AppEied Alp bra 71 (1991) 99-107. 
If a two-dimensional CW-complex is aspherical (i.e. 7~~ = 0). are its subcomplexes also aspheri- 
cal? We approach this famous conjecture, originally presented by J.H.C. Whitehead. in a most 
direct fashion. 
The (finite) conjecture can easily be reduced to complexes with only one O-cell and to 
complexes where the subcomplex has only one less 2-cell than the parent complex. If an 
element of the second homotopy group of the subcomplex is given. it extends to a map from B“ 
to the larger complex. The inverse image of the midpoints of disks is a link together with a 
collection of closed intervals with endpoints on the boundary (after well positioning). Thinking 
of the disk which is not in the subcomplex as being green and the others as being red and 
coloring the inverse image accordingly (note the intervals are all red), we see that. if we knew 
enough about these links and the moves we can make on them. we might be able to make the 
green components go away; if we could do this for the general case, the conjecture would be 
proved. 
If a two-dimensional CW-complex is aspherical (i.e. n1 = 0), are its sub- 
complexes also aspherica!? We approach the finite version of this famous conjec- 
ture, originally presented by Whitehead [5], in a most direct fashion. 
The (finite) conjecture can easily be reduced to complexes with only one O-cell 
and to complexes where the subcomplex has only one less 2-cell than the parent 
complex. If an element of the second homotopy group of the subcomplex is given, 
it extends to a map from B” to the larger complex. The inverse image of the 
midpoints of disks is a link tcgether with a collection of closed intervals with 
endpoints on the boundary (after well positioning). Thinking of the disk which is 
not in the subcomplex as being green and the others as being red and coloring the 
inverse image accordingly (note the intervals are all red), we see that, if we knew 
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enough about these links and moves we can make on these links, we might be 
able to make the green components go away; if we could do this for the general 
case the conjecture would be proved. 
This approach was described by Stefan [4] and could be thought of as a 
three-dimensional analog of the two-dimensional theory of pictures. (See [l] for 
an account of pictures.) 
There are two types of results which could be useful. What kind of links can or 
cannot arise in this setting and what to do with them once we have them. The 
final two sections of this paper present such results, respectively, where we show 
there is a close relation between this discussion and identities among relations. 
Let us note here that the one to one relation between finite presentations of 
groups and finite two-dimensional CW-complexes causes us to ignore occasiorally 
the distinctions between the two concepts. 
2. Preliminaries 
Definition. Consider f : B” * L, where L is a two-dimensional complex. If we put 
f in general position with respect to the midpoints of the 2-cells of L. the inverse 
image of these midpoints is called an r’ .cr’er.se link. If we put f in general position 
with respect to small neighborhoods of the midpoints of the 2-cells, we call the 
inverse image of these neighborhoods a fattened inverse fink. 
Note that for every 13” embedded in the original B” we get a new inverse link. 
Note also that the term inverse link is a bit of a misnomer since some of the 
components can be closed intervals. 
An identity among the relations of a group presentation is a product of 
conjugates of the relations and the inverses of the relations which collapses to the 
identity in the free group of the generators. See [l] for a complete definition. 
Theorem 1 (An identity theorem). Assume that the CW-complex associated with 
the presentation P - (XIR) has trivial rr2. Let a,a,a, l l - a,, be an identity among 
the relations of i’, where ai = (UiriU;’ )‘l, where Ei = 1 or -1. 
Then the relations can be paired (ri, ri) so that 
(1) 
(2) ;;:;=o, 
(3) 
R.) q ui 
= ui mod N (N is the normal subgroup in F(X) generated by the relations 
This result is proyen 1. i. Fzre is a nice geometric interpretation in [3]. 
In the diagrams 5 is usect for a-‘. 
dent%y theorems and links which are not inverse links 
In this section we wi!l present theorems which place conditions on relations 
among identities w en the CW-complex of the presentation at hand has trivial n- 
(as in Theorem 1). We then show examples of links which cannot be inverse links 
because they yield identities among the relations which violate our theorems. The 
general technique of getting these relations is described as follows. If a fattened 
inverse link is given , look at a zero parallel of any component. This loop can be 
thought of in two ways: 
(1) It represents a power of the relator corresponding to the component. 
(2) It is in the fundamental group of the link complement. Using the Wirtinger 
presentation the loop represents a product of conjugates of the relations. 
Equating these two expressions we have an identity. 
This construction is similar to the description of the Milnor invariants of a link 
which suggests the method could be successful for links with nontrivial Milnor 
invariants. Theorem 2 is an encouraging step in this direction since it is successful 
with relations forming the standard basis for successive quotients of the lower 
central series subgroups. See [2]. 
3.1. The Whitehead link 
Theorem 2 (An identity theorem). Assume that the CW-complex associated with 
the presentation P = (Xl R) has trivial nz. Then [a,, [a,. [ - l - lag, a,] l - -111 
(n > 1) cannot be a re!ation among the identities if a,, _ 1 and a,, represent conjugates 
or inverses of conjugates of two diflerent relations of R. 
Proof. Assume n > 2. For brevity define b = [a,, [ l l l [a,, _ I, a,,] - l .I]. If [a,, b] = 
1, then a and b commute in the free group on the generators X. Thus they are in 
the same cyclic subgroup. But a, is not a proper power by the asphericity 
condition. Thus a: = 6 for some m. Theorem 1 gives m = 0. Thus b = 1. 
Continuing in this manner we reduce to the case where n = 2. 
So if [a,, a,] = 1, then a, and a, commute, as before, but this time neither a, 
nor a2 are proper powers. Thus a, = a? contradicting asphericity (and Theorem 1) 
since they represent distinct relations. Cl 
Theorem 3. The links of Figs. 1 and 2 are not inverse links (of an aspherical 
complex) if, in Fig. 1, the two components represent distinct relations and, in Fig. 
2, components A,, and A,,_, represent distinct relations. 
Proof. (Figure 1.) Assume this link is an inverse link. The zero parallel for the 
component M can be written as an element in vi (R” - Link), via the Wirtinger 
presentation, as [[b, a], b] as shown in the figure. Here a and b represent 
conjugates or inverses of conjugates of r and s, the two relations corresponding to 
JM and N, respectively. (They are conjugated by elements representing paths from 
a base point to the respective components.) Since a zero parallel around M gets 
mapped to a power of r we get r”’ = [[b, a], b].Thcorem 1 gives m = 0. We thus 
contradict Theorem 2. 
Notice we did not use the bottom curve of the link. 
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Fig. 1. Here tv = bab-‘a-‘b-‘bbaba-‘b-’ = [[b, a], b]b. 
(Figure 2.) Assume this link is an inverse link. The zero parallel for the 
component A I can be written as an element in rr,(R3 - Link), via the Wirtinger 
presentation, as [a,, [a,, l l l [a,_,, a,]]]. Here ai represents a conjugate or the 
inverse of a conjugate of the relation corresponding to Ai. Proceeding as in the 
case of Fig. 1 we arrive at a contradiction. Cl 
This theorem in the case of Fig. 1 was proven in [3] by different techniques. 
(Note: Fig. L for three components is the Borromean rings.) 
3.2. A direct method 
In this section we shall use Theorem I directly to show that certain links are not 
inverse links. 
A, . . . 
Fig. 2. 
Fig. 3. 
Theorem 4. Let L be an inverse iittk (of an aspherizai 2-complex) and /et r and s 
be two distinct relations. [f M is a component of L corresponding to r. then 
x Link#(M, Ni) = 0 , 
where the Ni’S range over a/i components of L which correspond to s. 
Proof. Choose a zero parallel around M and note that this loop represents rn’ (for 
some m). Now think of this loop as an element in 7r, af the link complement. As 
such it represents some product of conjugates of the relations, J. Thus r”’ = J. 
Define p as the number of times that s appears in J minus the number of times s-’ 
appears. Theorem 1 gives p = 0 8~ desired. c7 
Example. The link of Fig. 3 cannot be an inverse link (of an aspherical complex) 
if the two components correspond to distinct relations. 
3.3. Another identity theorem and another link 
Theorem 5 (An identity theorem). Assume that the CW-complex associated with 
the presentation P = (XIR) has trivial nz. Let r and s be distinct relations of R and 
suppose we have w, a product of conjugates of the relations and their inverses, such 
that t s, r-’ and smi each occur only once. Assume r and r-l are conjugated by the 
same l -)ord and assun:e the same for s and s- ‘. Assume further that occurrences of r 
(or its inverse) alternate, in terms of their order of appearance in w, with 
occurrences of s (or its inverse). (As an example we might have w = rs- ‘r%) 
Then w is not an identity among the relations. 
Proof. Assume w is an identity among the relations. Any identity among the 
relations gives a map from S’ to the complex as pictured in Fig. 4 where the 
identity is spelled out by the path which starts at A and travels to and around each 
disk in order. Since our complex is aspherical, this map extends to B” so that the 
discs of Fig. 4 extend to tubes and we get an inverse link L’ in B”. In Fig. 5 we 
have attached two handles to B3 but we do not claim there is any extension of the 
map to this ball with handles; it is simply convenient to imagine them in order to 
discuss linking numbers. Define L to be the union of L’ with these two handles. 
Consider the loop Q! which starts at A, runs over to the r disc, takes the y tube 
through B3 to the r-’ disc and then back to A. Since r and r-* are conjugated by 
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Fig. 4. 
the same word, u , we have EY = UP’% - I. Thinking of cy as an element of 
q(B" - La,) a = J, where J is a product of conjugates of relations. Thus 
vr’% - ’ = J. By Theorem 1 the number of occurrences of s in J minus the number 
of occurrences of s-l is zero. In other words c Link#(N,, A&) = +l (where the 
Mi's run over all components of L corresponding to S) since Q! differs from N, by 
one crossing. In a similar way (taking a loop around the s tube) we see 
c Link#(A$, M, ) = 0 (where the ZVi’s run over all components of L corresponding 
to r). 
We show that c Link#(N,, Mi) is an even number in order to arrive at a 
contradiction. 
Fig. 5. 
Fig. 6. Were IV = (a’) ‘c ‘n ‘bnca’. 
To see this, note that 
2 2 C Link#(Nj, Mi) = C Link#(N, , Mj) + x C Link#(N,, M,) 
i j i i ]>I 
+ x Link#(Nj. M,) + x C Link#(Nj, M,) . 
j I:-1 j 
We have shown that the third term is ZZ-. The second term is also zero since 
C Link#(Nj, M,) ( summation over i, j fixed >I) is zero by Theorem 4. In a 
similar marine- the fourth term is zero and we have shown our claim. 0 
Theorem 6. The link in Fig. 6 OS 1101 an inverse iink (of an aspherical complex) if 
the relations ccuespolrding to L, , L2 .?nd t, are dis;inct. 
Proof’. Taking a zero parallel around L, we get the identity d’” = 
b-‘a’-‘c-‘a-‘baca’. Theorem 1 gives m = 0 contradicting Theorem 5. Cl 
Simpler links to which Theorem 5 apply could be displayed but no simpler 
technique works on the link of Fig. 6. 
4. Moves on inverse links 
The most desirable r,love is turning an undercrossing into an overcrossing. This 
can be done by two applications of the half bridge move. The half bridge movr is 
the move shown in Fig. 7 while the full bridge is shown in Fig. 8. 
If two fattened links represent the same conponent we can effect any of these 
moves if we can pull them together so that they meet in a way that their 
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Fig. 7. Fig. 8. 
corresponding relations match up; that is if we can find a path from the beginning 
of the relation on the surface of one fattened link to the beginning of the other so 
that the image of this path is trivial in q(L ’ ). This can often be arranged when 
the link is an inverse link of an aspherical complex. For example: 
Theorem 7. We can eflect the moves of Fig. 9 on an inverse link (of an aspherical 
complex) if the two components correspond to the same relation. 
Proof. Call the common relation S. We need to find a path connecting the point 
where s starts its trip around the meridian of one component to the point where s 
starts its trip around the meridian of the other component whose image is trivial. 
To find such a path proceed as follows. The loop we have drawn with dotted lines 
in Fig. 10 represents WSW-‘s~ (starting at a) for some integer k, where w is the 
portion of the loop from a to b. But in the link complement this loop is trivial. 
Thus wsw - ‘sk = I. Theorem 1 gives k = -1 so that s and k commute in the free 
group on the generators. Thus w = S” since s is not a proper power by asphericity. 
If n = 0, then w is the path we are looking for. Otherwise we can make our 
desired path by unglueing MJ from point a, wrapping it around the meridian n 
times and glueing it back. q 
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Fig. 9. Fig. 10. 
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As an example of this theorem we clearly believe the following: 
Theorem 8. We can effect the moves of Fig. 11 on an inverse link (of an aspherical 
complex) if the two components correspond to the same relation. 0 
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